
THE STUDY OF A CRITICAL POINT IN AN EQUATION 

OF TRANSFER THEORY 

R. S. Levitin UDC 536.24:517.9 

An investigation was carried out to establish the conditions for the appearance and disap- 

pearance of a compressed bundle of trajectories, leaving from a critical point of an equa- 

tion in the self-similar case under the presence of nonsmooth perturbing forces. 

1 ~ . Some problems of transfer theory (heat-transfer diffusion) in the presence of self-similarity are 

reduced to ordinary differential equations of the form 

a (x) dz = F (x, z), (1) 
dx 

for  which i t  i s  n e c e s s a r y  to e luc ida te  the ex i s t e nc e  and the behav io r  of O - c u r v e s  n e a r  the o r ig in  (0, 0) 
which is  a s i n g u l a r  point.  F i r s t  we give the  fol lowing t h e o r e m ,  f r o m  which fol lows the f o r m u l a t i o n  of the 
p rob lem.  

The H a r t m a n - W i n t n e r  T h e o r e m  [1]. A s s u m e  that  in  Eq. (1): 

1) the func t ion  F(x, z) i s  def ined and cont inuous  with r e s p e c t  to x, z in  the doma in  

0<x-~<x0,  - -  zo ~ z .<  z o, (2) 

whe re  x 0 and z 0 a r e  pos i t ive  n u m b e r s ;  1 / F ( x ,  z) i s  bounded for  0 < x _< G ~" -< [z[ _< z0, whe re  
~- > 0 is  a n  a r b i t r a r i l y  s m a l l ;  e i s  a su f f i c i en t ly  s m a l l  n u m b e r ;  

2) F(x, -z0)  > 0, F(x, z0) < 0 for  0 < x _< x0; 

3) the func t ion  c~(x) is  def ined,  con t inuous  and pos i t ive  for  0 < x _< x0, 

x0 

t ' dx 
a (x) = + o o .  

0 

Then  t h e r e  ex i s t s  a t  l e a s t  one so lu t ion  z = z(x) of Eq. (1), which is  defined in  the i n t e r v a l  0 < x _< x0, 
and e v e r y  such so lu t ion  has the p roper ty :  z(x) ~ 0 for  x ~ 0 (i.e. ,  r e p r e s e n t s  an O - c u r v e  of Eq. (1)). 

Thus ,  under  the condi t ions  of the above  g iven t h e o r e m  for  Eq. (1), t he r e  ex i s t s  in  the doma in  (2) 
e i t he r  one O - c u r v e  or an  uncoun tab l e  se t  of O - c u r v e s ,  i .e . ,  t h e r e  a r i s e s  the p r o b l e m  of d i s t i ngu i sh ing  the 

O-curves. 

Below we give uniqueness and nonuniqueness theorems for the O-curves. 

In [2], Andreev establishes a uniqueness theorem for O-curves if the conditions of the Hartman 

-Wintner theorem are satisfied. To this end he gives the following lemma. 

LEMMA. We assume that for Eq. (I): 

1) the conditions of the Hartman-Wintner theorem hold; 

2) in the domain (2) (or any subdomain of the same form) for 

/: (x, z~) - . F  (x, z~) ~ ;~ (x) (z~ - -  z2), 
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where 7~(x) is continuous for x E (0, x0] , we have 

x0 

( 1~ (x) _ dx  -4  M 
 i;f < + (31 

M be ing  a c o n s t a n t  and x any  n u m b e r  f r o m  (0, x0). 

Then,  Eq. (1) has  a unique  O - c u r v e  in  the  d o m a i n  (2). 

Th is  l e m m a  is  an  i m m e d i a t e  g e n e r a l i z a t i o n  of L o h n ' s  l e m m a  ([3], p. 115) and can  be p roved  by the  
s a m e  s i m p l e  me thod .  

In o r d e r  to ob ta in  a s t r o n g e r  s t a t e m e n t  about  the  u n i q u e n e s s  of the  O - e u r v e ,  A n d r e e v  m a k e s ,  n a t -  
u r a l l y ,  a d d i t i o n a l  a s s u m p t i o n s  r e l a t i v e  to the  s t r u c t u r e  of the  r i g h t - h a n d  s ide  of (1) (for e x a m p l e ,  i t s  
r e p r e s e n t a b i l i t y  in  the  f o r m  F(x ,  z) = ~(x,  z) + ~(x, z) and the  L i p s e h i t z  condi t ion  with  r e s p e c t  to z). His  
u n i q u e n e s s  t h e o r e m  e s t a b l i s h e s  a r e l a t i o n  b e t w e e n  the  L i p s e h i t z  coe f f i c i en t ,  depend ing  on x, the  e o m p a r i -  
son i n t r o d u c e d  by h im,  which  c h a r a c t e r i z e s  the  s m a l l n e s s  of the  p e r t u r b a t i o n  ~)(x, z), and the  func t ion  a (x) .  

If w e  s e e k  the  cond i t ions  fo r  the  u n i q u e n e s s  of the  O - c u r v e  fo r  (1) in the  e a s e  when F(x,  z) i s  f r o m  
the  Osgood c l a s s ,  wh ich  w i l i  be  de f ined  be low in a p r e c i s e  m a n n e r ,  then,  a p p a r e n t l y ,  the  fo l lowing  t h e o r e m  
which  g e n e r a l i z e s  L o h n ' s  l e m m a  wi l l  be usefu l .  

THEOREM 1. A s s u m e  tha t  fo r  Eq. (1): 

1) the  H a r t m a n - W i n t n e r  cond i t i ons  hold;  

2) in the  d o m a i n  (2) (or any  s u b d o m a i n  of the  s a m e  fo rm)  fo r  z~ > z 2 we have  

/~ (x, zl) -- F (x, z~) ~ ~ (x) ~ % -- z~), 

where 
xo 

, ~ ( x )  
x 

w3(7) i s  a con t inuous  funct ion ,  w3(O) - O, ~)3(T) > 0 fo r  T > O, 

' d_~ < ~  ( v > 0 ) .  

Then Eq. (1) has  in  the  d o m a i n  (2) a unique  O - c u r v e .  

Hartman and Wintner apply their theorem to the generalized Briot-Bouquet equation 

x~z' = -- pz + f (x, z), (4) 

w h e r e  q _> 1; f(x, z) i s  a r e a l  s i n g l e - v a l u e d  func t ion ,  con t inuous  in  the  r e c t a n g l e  

0 - ~ x - % x  o, - - Z o ~ < Z ~ < Z o ;  

f ina l ly ,  p i s  an  a r b i t r a r y  p o s i t i v e  n u m b e r .  

They  have  ob ta ined  the  fo l lowing  c o r o l l a r y .  

COROLLARY.  If 

f (0, z) = o (z) for z --+ 0 

(in f ac t  i t  i s  su f f i c i en t  if If(0, z)t -< p l z l  fo r  s m a l l  [z l ,  0 < Iz i  -< z0), then  Eq. (4) has  at  l e a s t  one so lu t ion  
z = z(x), which  e x i s t s  fo r  a l l  s m a l l  x > 0, and a l l  t h e s e  s o l u t i o n s  a r e  O - c u r v e s .  

Then, the authors of [i] make the following remark: if the eonditions of the corollary hold, then in 
order to guarantee the uniqueness of the O-curve it is sufficient to require the growth of f(x, z) with z. 

For our part we obtain the following corollary. 
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COROLLARY. 

f (x, zl) - -  f (x, z2) -~ ;~ (x) % (zl - z~) 

w h e r e  ~(x) and w3(x) a r e  de f ined  a s  in  T h e o r e m  1. 

2 ~ We consider the "algebroid" differential equation 

y, = P~ (x, y) + f~ (x, v) 
Oh (x, y) + g,~ (x, v) 

where Pn, 

F o r  the  u n i q u e n e s s  of the  O - c u r v e  i t  i s  su f f i c i en t  to r e q u i r e  tha t  

(z 1 > z~), 

Qn a r e  h o m o g e n e o u s  p o l y n o m i a l s  of i n t e g e r  exponent  n > 1. 

P,~ = an lYXn-1 47 ~a 1,"~'n-k _ an_..y ~ , 
k=2 

n 

Q~ = b,~x ~ 47 ~ .  bn_l~gkx ~-k 
k = 2  

whi l e  fn(X, y), gn(x, y) a r e  con t inuous  in  the  d o m a i n  R 1 : [x[ _< a,  y[ _< b and 

f,,, g , ~ - - o ( f )  for r = i x l + l y l ~ O .  

(5) 

(6) 

(7) 

(8) 

In the  f o r m u l a s  (6), (7) in  the  c a s e  n = 1, the  e m p t y  s u m s  a r e  c o n s i d e r e d  to be  equa l  to ze ro .  

We a s s u m e  tha t  

(a,_ 1 - -  bn) b,~ ~ O. 

Then  f o r  (5) t h e r e  a r i s e s  F r o m m e r ' s  f i r s t  d i s c e r n m e n t  p r o b l e m  (see  [3], p. 108" G(0) = bn, C = an-1 - b n ,  
i . e . ,  CG(0) = (an_ 1 - bn)b n < 0), i . e . ,  i t  i s  n e c e s s a r y  to c l a r i f y  w h e t h e r  one o r  s e v e r a l  i n t e g r a l  c u r v e s  (K- 
c u r v e s )  tend  to the  poin t  (0, 0) a long  s i m p l e  e x c e p t i o n a l  d i r e c t i o n s  which  a r e  s e m i a x e s  of the  x - a x i s .  

A s u r v e y  and c r i t i c i s m  of the  p a p e r s  d e a l i n g  wi th  the  i n d i c a t e d  p r o b l e m  i s  g iven  by A n d r e e v  [4]. 

We  g ive  a nonun iqueness  t h e o r e m  and a un ique ne s s  t h e o r e m  for  the  p e r t u r b a t i o n s  fn, gn f r o m  the  O s -  
good and T a m a r k i n e  c l a s s e s  wh ich  a r e  de f ined  below.  W e  note  tha t ,  a s  a r u l e ,  the  a u t h o r s  u s u a l l y  a s s u m e  
tha t  fn and gn a r e  f r o m  the  L i p s c h i t z  c l a s s .  

F o r  ou r  p u r p o s e s  i t  i s  su f f i c i en t  to  c o n s i d e r  the  d o m a i n  

R : O - ~ x ~ a ,  l Y l - ~ b  (9) 

and, without loss of generality, to assume 

~ b ~ = l ,  ~ L a ~ _  r 

Def in i t ion  1. We c o n s i d e r  the  f a m i l y  {f(x, y)} of func t ions ,  L e b e s g u e  m e a s u r a b l e  wi th  r e s p e c t  to x 
fo r  e ach  f ixed  y and con t inuous  wi th  r e s p e c t  to y fo r  each  f ixed  x f r o m  the  d o m a i n  R. Th i s  f a m i l y  wi l l  be 
c a l l e d  a T a m a r k i n e  c l a s s  i f  t h e r e  e x i s t  m e a s u r a b l e  nonnega t ive  func t ions  s(x) and c0(t), s(x) > 0 fo r  x > 0, 

co(t) > 0 f o r t  > 0, 

t 

S d ~  < o~ (t > o), 
(v) 

0 

such  tha t  in  R we  have  

1 ~(x, y ) -  f (~, y (x ) ) />  ~ (x) o~ (I v -  v (x)l),* 

where y = y(x) is some continuous curve from the domain R. 

The family {f(x, y)} will be called an Osgood class if there exist measurable nonnegative functions 

s I (x) and col (t) 

* For some subclass of such functions f ~ C, J. Tamarkine [5] has proved a nonuniqueness theorem for 

the solution of the Cauchy problem of y' = f(x, y). 
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such that in R we have 

t 

i ' dt 
% (t) - + oo* 

0 

(t > o), (lO) 

j ? (x, vO ~-  f (x, w_)I 4 s~ (x) c% (i ~'~ - -  v . ) .  

Def in i t i on  2. A cont inuous  c u r v e  y = y(x) f r o m  the  d o m a i n  R wi l l  be ca l l ed  a K - c u r v e  i f  y ( x ) / x  ~ 0 
fo r  x ~ 0, and wi l l  be  c a l l e d  a K - s o l u t i o n  if  i t  a l s o  s a t i s f i e s  (5). 

Two K - s o l u t i o n s  y yl(x) and y = Y2(X) a r e  sa id  to be  e s s e n t i a l l y  d i s t i n c t ,  if  Hx 0 ( (0, a'] such  that  

V x ( (0, xo) yl(x) ~ Y2(x)" 

The  K - s o l u t i o n s  y = Yl(x) and y = Y2(x) wi l l  be  c a l l e d  r e s p e c t i v e l y  the  u p p e r  and the l o w e r  K - s o l u -  
t ions  of (5), if f o r  e v e r y  K - s o l u t i o n  y = y(x) of (5) we  have:  Y2(x) _< y(x) _< Yl(x). It i s  e a s y  to p r o v e  the  
e x i s t e n c e  and the  u n i q u e n e s s  of such  so lu t i ons .  

We c o n s i d e r  the  c l a s s  of p a i r s  of func t ions  fn, gn, f o r m e d  by  func t ions  fn f r o m  the  T a m a r k i n e  c l a s s  
and by func t ions  gn f r o m  the  Osgood  c l a s s ,  such  tha t  the  fo l lowing  cond i t i ons  hold in  R. F o r  fn: 

[fn (X, ~) - -  fr~ (X, 0 ( )$) ) [ )  S (X)Xn-I(D (] ~ --- 0 (X)i), (11) 

w h e r e  y = 0(x) i s  s o m e  f ixed  K - s o l u t i o n  of (5); s(x) and w(t) a r e  m e a s u r a b l e  and nonnega t ive ;  s(x) > 0 fo r  
x > 0, w(t) > 0 fo r  t > 0, 

i dt 
o~ (t) 

0 

and fo r  gn a t  l e a s t  one of the  fo l lowing  two 

W e  deno te  

- -  < w ( v > 0 ) ,  (12) 

I gn(X, g l ) - -  

inequalities holds 

g,~ (x, y~)l -~ Lx~-~l V~ - -  V~ I (L > 0), 

- -  g,~ (x, v~)l -< s (x) x"-~0 (J u~ - -  y~ ]). 

(13)  

(14) 

& = f,, (x, v) - f .  (x, o (x)). 

It  fo l lows  f r o m  (11) tha t  we can  have  only  the  fo l l owing  p o s s i b i l i t i e s  fo r  the  s ign  of h n in R \ {x, 0(x)} fo r  
0 < x _ < a :  

hn 

i n f i n i t e l y  many)  in  the  e a s e s  a) and b). In  the  c a s e  c), y = 0(x) i s  the  un ique  K - s o l u t i o n .  
h > 0 (h < 0) Yz(x) ~ 0(x) (Yt(x) -= 0(x)), and in  the  e a s e  b) Y~(x) < 0(x) < Yl(x) for  x > 0. 

Now we g ive  a u n i q u e n e s s  t h e o r e m  fo r  the  K - s o l u t i o n s .  

THEOREM 3. A s s u m e  tha t  fo r  Eq. (5) we have the  d o m a i n  R 

! [g (X, ~1) - -  f,z (X, V2)] "< g (x) xn-lo) (! Vl - -  V21), 

w h e r e  H(x) i s  con t inuous  fo r  x > 0 and 

i ' H (x) dx o o )  

X 

a) hn p r e s e r v e s  the  s ign;  b) h n >  0 f o r y  > 0(x) and h n <  0 f o r y  < 0(x); c) h n < 0 f o r y  > 0(x) and 
> 0 fo r  y < 0(x). 

F o r  the  p a i r  of func t ions  m e n t i o n e d  we have  the  fo l lowing  t h e o r e m .  

THEOREM 2. Equa t ion  (5) fo r  0 < ~ < 1 has  at  l e a s t  two e s s e n t i a l l y  d i s t i n c t  K - s o l u t i o n s  (hence,  
In the  c a s e  a) fo r  

(15) 

* Naturally, condition (I0) is assumed only in the case when the function wi(t ) is not equivalent to zero. 
tin the inequality (14) the functions s(x) and w(x) are the same as in (Ii). 
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co(t) is continuous for t _~ 0, ~(0) = 0, ~(t) > 0 for t > 0 and 

~ dt 
j (o (t) - + oo 
0 

(v > 0), 

and for gn at least  one of the following two conditions holds: 1) (13) is satisfied; 2) gn is f rom the same class  
as fn. Then (5) has a unique K-solution. 

We note that one cannot replace  condition (15) by one of the two conditions 

1) i H(X)x d x = o o  (v>O);  

0 

v H (x) dx  < oo (8 > 0 is arbitrary), 
2) x~_ 6 

0 

since a bundle of distinct K-solutions can appear. 

Theorems 2 and 3 for Osgood and Tamarkine classes form a result close to the criterion. 

An important fact recently established experimentally is the discontinuance of the diffusion 

in the critical domain of stratification [6]. By this, the nonlinear character of the diffusion equation 
is established. In the determination of the self-similar solutions of the nonlinear parabolic equation of the 
isothermal diffusion, there arises the problem of distinguishing the O-curves. 

1 ,  

2. 
3. 

4. 
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